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"Logic pervades the world: the limits of the world are also its limits."
— Ludwig Wittgenstein

Abstract

This paper presents a comprehensive, rigorous mathematical framework that unifies operations across
transaction processing, text retrieval, and vector search paradigms within a single algebraic structure. By
establishing posting lists as a universal abstraction with well-defined algebraic properties, we develop a
theoretical foundation that preserves the expressivity of each paradigm while enabling cross-paradigm
operations. We prove that these operations form a complete Boolean algebra and demonstrate how this
structure supports query optimization through lattice theory. We extend this framework to incorporate join
operations across paradigms, providing formal definitions and analyzing their computational properties.
Further, we address limitations of the base framework by introducing formal models for aggregations and
hierarchical data structures. Through category theory and information theory, we establish the soundness
of our extensions and explore fundamental computational boundaries. The mathematical formalization
includes precise definitions of operators, transformation rules with formal proofs, optimization techniques,
and theoretical limitations. This unified framework provides a solid foundation for next-generation data
systems that must seamlessly operate across previously isolated paradigms.

1. Introduction and Mathematical Preliminaries

1.1 Motivation

The contemporary data processing landscape is characterized by a fragmentation into specialized systems,
each operating within distinct theoretical paradigms:

e Relational database systems founded on relational algebra
e Text retrieval systems based on probabilistic information retrieval models

e Vector search systems rooted in geometric principles of high-dimensional spaces

This fragmentation has impeded the development of a unified theoretical foundation that would enable
seamless integration of operations across these paradigms. We address this challenge by constructing a
formal algebraic system that unifies these disparate theoretical frameworks.
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Our approach is grounded in the observation that posting lists—ordered sequences of document identifiers
with associated metadata—can serve as a universal abstraction for representing result sets across all
paradigms. This insight allows us to construct a rigorous mathematical framework that preserves the
distinct semantic properties of each paradigm while establishing a common algebraic structure.

1.2 Type-Theoretic Foundation
We begin by establishing a formal type system that serves as the foundation for our algebra.
Definition 1.2.1 (Universal Set). Let U be the universal set containing all possible entities in our data system.

Definition 1.2.2 (Type Hierarchy). We define the following types as subsets of U:

D C U: The set of all documents (or records)

Y = R%: The d-dimensional vector space

e T :The set of all possible terms (including both words and other tokens)

e F:The set of all fields or attributes
Definition 1.2.3 (Posting List). A posting list L € L is defined as an ordered sequence:
L = [(idq, payloady), (ids, payloads), . . . , (id,, payload,,)] (1)
where:

e id; € Nis adocument identifier

e payload; is a tuple containing additional information (e.g., term positions, field values, scores)
* The ordering satisfies Vi, j € {1,2,...,n} : i < j = id; < id;
Definition 1.2.4 (Document-Posting List Bijection). We define the bijective mapping:
PL:2P > L (2)
which converts a set of documents to a posting list, and its inverse:
doc: L — 27 (3)
which extracts the set of documents from a posting list.
These mappings satisfy:
1. VD' C D : doc(PL(D')) = D' (Left inverse)
2. VL € L : PL(doc(L)) = L (Right inverse)

Lemma 1.2.5. The mappings PL and doc establish an isomorphism between the power set of documents
2P and the set of posting lists L.

Proof. The mappings PL and doc are bijective by Definition 1.2.4. To establish isomorphism, we must verify
that the structure-preserving properties hold, which we will demonstrate through the operations defined in
the next section.

2. Boolean Algebra of Posting Lists



2.1 Core Algebraic Operations

We now define the algebraic operations on posting lists that form the foundation of our framework.
Definition 2.1.1 (Posting List Operations). We define the following operations:

e Union:U: L x L — L where L1 U Ly = PL(doc(L1) U doc(Ly2))

e Intersection: N : £ x L — L where Ly N Ly = PL(doc(L1) N doc(Ly))
e Difference: \ : L X L — Lwhere L1 \ Ly = PL(doc(L1) \ doc(L))

o Complement:~ : £ — £ where L = PL(D \ doc(L))

Theorem 2.1.2 (Boolean Algebra of Posting Lists). The structure (£, U, N, ~, 0, D) forms a Boolean algebra
satisfying the following axioms:

1. Commutativity:
VA, Be L:AUB=BUAand ANB=BNA (4)
2. Associativity:
VA,B,Ce L: AU(BUC)=(AUB)UCand AN(BNC)=(ANnB)NC (5)
3. Distributivity:
VA,B,Ce L:AN(BUC)=(ANB)U(ANC)and AU (BNC)=(AUB)N(AUC) (6)
4. Identity:
VAe L: AUD=Aand ANPL(D)=A (7)
5. Complement:
VAcL:AUA=PLD)and ANA=10 (8)

Proof. For any posting lists A, B, C' € L, we prove each property using the set-theoretic interpretations
through the bijection:

1. Commutativity:
AU B = PL(doc(A) Udoc(B)) = PL(doc(B) Udoc(A)) = BU A (9)
Similarly for M.

2. Associativity:
AU (BUC) = PL(doc(A) U doc(PL(doc(B) U doc(C)))) (10)
by the left inverse property:
— PL(doc(A) U (doc(B) U doc(C))) (11)
by associativity of set union:
— PL((doc(A) U doc(B)) U doc(C)) (12)

by the left inverse property:



= PL(doc(PL(doc(A) Udoc(B))) U doc(C))
thus:
=(AuB)uUC

Similarly for M.

3. Distributivity:
AN (BUC) = PL(doc(A) Ndoc(PL(doc(B) U doc(C))))
by the left inverse property:
= PL(doc(A) N (doc(B) U doc(C)))
by distributivity of set operations:
= PL((doc(A) Ndoc(B)) U (doc(A) N doc(C)))
by the left inverse property:
= PL(doc(PL(doc(A) Ndoc(B))) Udoc(PL(doc(A) N doc(C))))
thus:
=(ANB)U(ANC)

Similarly for the dual distributivity property.

4. |dentity:

AU D = PL(doc(A) Udoc(0)) = PL(doc(A) U D) = PL(doc(A)) = A

(13)

(14)

(20)

ANPL(D) = PL(doc(A) Ndoc(PL(D))) = PL(doc(A) N D) = PL(doc(A)) = A (21)

5. Complement:

AU A = PL(doc(A) U doc(A))
= PL(doc(A) U (D \ doc(A)))
— PL(D) = PL(D)

AN A = PL(doc(A) N doc(A))
= PL(doc(A) N (D \ doc(A)))
= PL(doc(A) \ doc(A))
= PL(0) =0

Theorem 2.1.3 (Completeness of Boolean Algebra). The Boolean algebra (£, U, N, -, 0, D) is complete,

meaning that for any family of posting lists { L; }scr, both \/;c; Li and A\ ,c; L; existin L.

Proof. For any family of posting lists { L; };c1, we define:
\/ Li = PL(| J doc(L;))

iel iel

/\ Li = PL([ ) doc(L;))

el el

(23)



Since the power set 2P forms a complete Boolean algebra under set operations, and the isomorphism
preserves these operations, L is a complete Boolean algebra.

2.2 Cross-Domain Mapping Functions

To enable seamless integration across paradigms, we define precise embedding functions that map
between different domains.

Definition 2.2.1 (Embedding Functions). We define the following embedding functions:

e vec: D x F — Vsuch that vec(d, f) maps a document d and field f to a vector representation
o term : D x F — 27 such thatterm(d, f) extracts the set of terms from field f in document d

e embed : T* — V such that embed(t1,ts,. .., t,) maps a sequence of terms to a vector
representation

Definition 2.2.2 (Similarity Functions). We define the following similarity functions:

e sim:V xV — [0,1] such that sim(v1, v2) measures the similarity between vectors v and v

e rel : D x T* —|0,1] such that rel(d, g) measures the relevance of document d to query terms ¢
Property 2.2.3 (Similarity Function Properties). The similarity function sim satisfies:

1. Symmetry: Vv, ve € V : sim(vy,vs) = sim(vs, v1)
2. Identity: Vv € V : sim(v,v) =1
3. Positivity: Vv, ve € Vi sim(vy,v3) >0

Lemma 2.2.4 (Semantic Preservation). If ¢ = t1ts...t, is a query and d is a document containing
semantically related terms, then:

sim(embed(q), vec(d, f)) > T (26)
for some threshold 7 > 0 dependent on the semantic relationship between g and the terms in d.

Proof. The proof follows from the properties of the embedding functions, which are designed to map
semantically similar content to nearby points in the vector space. For semantically related queries and
documents, the cosine similarity or other distance metrics in the vector space will produce values above a
certain threshold 7.

3. Formal Operator Calculus

3.1 Primitive Operators

We now define the fundamental operators that serve as building blocks for our unified algebra.
Definition 3.1.1 (Term Retrieval Operator). For aterm ¢t € 7T, we define:
T:T—L (27)
where T'(t) = PL({d € D |t € Uz term(d, f)})
Definition 3.1.2 (Vector Similarity Operator). For a query vector ¢ € V and threshold 6 € [0, 1], we define:

Vo:V—= L (28)



where Vyp(q) = PL({d € D | 3f € F : sim(vec(d, f),q) > 0})
Definition 3.1.3 (K-Nearest Neighbors Operator). For a query vector ¢ € ¥V and integer k € N, we define:
KNNp:V—= L (29)
where K NNy (q) = PL(Dy,) such that:
1. Dy C D and |Dg| = min(k, |D|)
2. Vd € Dy,d" € D\ Dy : maxscr sim(vec(d, f),q) > maxpcr sim(vec(d', f'), q)
Definition 3.1.4 (Field Filter Operator). For a field f € F and value v € dom(f), we define:
Filters, : L — L (30)
where Filters,(L) = LN PL({d € D | d. f = v})
Definition 3.1.5 (Facet Aggregation Operator). For a field f € F, we define:
Facety : L — (dom(f) x N) (31)
where Facet (L) = {(v, |{d € doc(L) | d. f =v}|) | v € dom(f)}
Definition 3.1.6 (Scoring Operator). For a query q (either g € T * or ¢ € V), we define:
Scorey : L — (£ x RIF) (32)

where Scorey(L) = (L, [s1, s2,. .., 5|r]) such that s; is the relevance score of the i-th document in L
with respect to query q.

3.2 Algebraic Structure of Operators

We now analyze the algebraic structure formed by these primitive operators.

Definition 3.2.1 (Operator Composition). For operatorsop; : X — Y and op2 : Y — Z, we define their
composition opz o opy : X — Z as:

(op2 © op1)(z) = op2(op1(2)) (33)

Definition 3.2.2 (Operator Set). Let P = {T', Vy, K N N}, Filter,, Facet, Scoreg, . .. } be the set of all
primitive operators.

Theorem 3.2.3 (Monoid Structure). The set P* of all finite compositions of operators from P, together with
the composition operation o and the identity operator I, forms a monoid (P*, o, I).

Proof. We verify the monoid properties:
1. Closure: For any op1, 0pa € P*, their composition op; 0 opa € P* by the definition of P*.

2. Associativity: For any op1, op2, ops € P*, and any input x in the appropriate domain:

((op1 0 op2) o op3)(z) = (opt o 01(72)(?19:; ;)w))
= Oop1\0op2\0op3\T
— op1((0p2 0 0py) () (34)
= (op1 o (op2 0 op3))(x)

3. Identity: We define the identity operator I(L) = Lforall L € L. Then:



(I o op)(z) = I(op(z)) = op(z) and (op o I)(z) = op(I(z)) = op(z) (35)
Therefore, (P*, o, I) is a monoid.

Theorem 3.2.4 (Expressivity of Operator Algebra). For any derived operator D constructed from primitive
operators using composition and posting list operations, there exists an equivalent expression in the
Boolean algebra of posting lists.

Proof. We proceed by structural induction on the construction of derived operators:

Base case: Each primitive operator op € P maps to an element or function in the Boolean algebra of
posting lists.

Inductive step: Assume operators D and D5 have equivalent expressions in the Boolean algebra. Then:

e D, o D5 corresponds to function composition in the Boolean algebra

e D,UDsy, D;N Dy and D; directly correspond to the Boolean operations

By induction, any derived operator has an equivalent expression in the Boolean algebra of posting lists.

3.3 Derived Operators for Hybrid Queries

Using primitive operators, we define operators that express complex hybrid queries across paradigms.

Definition 3.3.1 (Hybrid Text-Vector Search). For atermt € T, query vector ¢ € V, and threshold 6 € [0, 1]
, we define:

Hybrid, g0 = T(t) N Va(q) (36)

Definition 3.3.2 (Vector Exclusion Search). For a query vector ¢ € V and threshold 6 € [0, 1], we define:

VectorNot,g = Vy(q) (37)

Definition 3.3.3 (Faceted Vector Search). For a field f € F, query vector ¢ € V, and threshold 6 € [0, 1], we
define:

FacetVectory,o = Facet(Vy(q)) (38)

Definition 3.3.4 (Semantic Filtering). For a posting list L € L, query vector ¢ € V, and threshold 8 € [0, 1],
we define:

SemanticFilter,g, = L N Vy(q) (39)

Theorem 3.3.5 (Compositional Completeness). Any query that can be expressed using combinations of
relational, textual, and vector operations can be represented in our algebraic framework.

Proof. Given the completeness of the Boolean algebra of posting lists (Theorem 2.1.3) and the expressivity of
the operator algebra (Theorem 3.2.4), any query that can be decomposed into primitive operations across
the three paradigms can be represented using our algebraic framework. The key insight is that posting lists
provide a uniform representation for result sets, while the embedding functions enable cross-paradigm
operations.

4. Join Operations



4.1 Generalized Type-Theoretic Framework for Joins

We extend the type system to accommodate join operations and multiple fields.

Definition 4.1.1 (Document Tuple). A document tuple d € D" is an ordered sequence of n documents:

d=(dv,ds,...,dy) (40)
whereeachd; € Dfori € {1,2,...,n}.

Definition 4.1.2 (Generalized Posting List). A generalized posting list L € L’ is defined as an ordered
sequence:

L= [(i_dl,payloadl), (i_dz,payloadz), e (i?im,payloadm)] (41)
where:
e id; € N" is a tuple of document identifiers with potentially varying arity n;

* payload; is a tuple containing additional information

e The ordering satisfies a lexicographic ordering on the id tuples

Definition 4.1.3 (Field Access Function). For a documentd € D and field f € F, we define the field access
function:

val: D x F — V; (42)
where V; is the value domain of field f.

Definition 4.1.4 (Generalized Document-Posting List Bijection). We define the generalized bijective
mapping:

PL':2P" = (43)
which converts a set of document tuples to a generalized posting list, and its inverse:
doc' : L' — 27 (44)

which extracts the set of document tuples from a generalized posting list, where D* represents the set of all
possible document tuples of any arity.

Lemma 4.1.5. The original posting list space £ is isomorphic to a subspace of £’ consisting of posting lists
with single-document tuples.

Proof. Let L1 C L’ be the subspace of generalized posting lists where each id;is a singleton tuple (id;). We
can define isomorphisms ¢ : £ — Lyand ¢ 1 : £ — Las:

#([(idy, payloady), . . ., (id,, payload,)|) = [((id1), payload,), . . ., ((id,), payload,)]  (45)
¢71([((id1)apayloadl)a ey ((idn)apayloadn)]) = [(idlapayloadl)a B} (idn)payloadn)] (46)
It is straightforward to verify that ¢! o ¢ = id; and ¢ o ¢~ 1 = id,, establishing the isomorphism.

4.2 Basic Join Operations

We now define the fundamental join operations within our extended algebraic framework.



Definition 4.2.1 (Inner Join Operator). For posting lists L1, Ly € L' and join fields f1, fo € F, we define
the inner join:

Joinf1:f2 (Ll, Lg) = PL/(Sinner) (47)
Where:
Sinner = {(dl, dg) | dl - dOC/(Ll), d2 - doc'(LQ),val(dl, fl) = Val(d2, f2)} (48)

Definition 4.2.2 (Left Outer Join Operator). For posting lists L1, Ly € £ and join fields f1, fo € F, we
define the left outer join:

LeftJoiny,_y, (L1, L2) = Joing,—f,(L1, L2) U PL'(Snon—matching) (49)
Where:
Snon—matehing = {(d1, L) | d1 € doc'(L1),Ads € doc'(Ls) : val(dy, f1) = val(da, f2)}  (50)
where L represents a null document.
Definition 4.2.3 (Cross-Paradigm Join Operations). For crossing between paradigms, we define:
1. Text Similarity Join: For text fields fi, f, and similarity threshold 6:

TeXtJOiIlfINBfZ(Ll,LQ) = PLI({(dl,dg) | di € dOC/(Ll),d2 S dOC,(Lz),

. 51
sim(term(dy, f1), term(dz, f2)) > 6}) (51)
2. Vector Similarity Join: For vector fields f1, f2 and threshold 6:

VeCtOI‘JOiIlfINQfZ(Ll,LQ) = PL/({(dl,dQ) ‘ di € dOC/(Ll),dQ € dOC,(Lg),
sim(vec(dy, f1),vec(ds, f2)) > 6})

3. Hybrid Join: For a structured field f;, vector field f, mapping function m, and threshold 6:

(52)

(Ll,Lg) = PLI({(dl,d2) ' di € dOCI(Ll),
dy € doc'(Ly),
sim(m(val(dy, f1)),
vec(ds, f2)) > 0})

HybridJoiny, ;

27m70

(53)

4.3 Join Properties

We now establish important properties of join operations within our algebraic framework.

Theorem 4.3.1 (Join Commutativity). The inner join operation is commutative up to tuple reordering:
Joing,— ¢, (L1, L) = Joing,—¢, (L, L1) (54)

where = denotes isomorphism under tuple reordering.

Proof. For every tuple (d1, d2) € doc’(Joing,—¢,(L1, L2)), we have dy € doc'(L1), d2 € doc'(L3), and
val(dy, f1) = val(da, f2). By symmetry of equality, val(ds, f2) = val(ds, f1), which means

(d2,d4) € doc'(Joiny,— ¢, (La, L1)). Therefore, there is a bijection between the two result sets that simply
swaps the order of documents in each tuple.

Theorem 4.3.2 (Join Associativity). The inner join operation is associative:



Joing,—g, (JOinf1=f2 (Ll’ L2)7 L3) = Joing,—g, (L17 Joing,—¢, (L27 L3)) (55)
where = denotes isomorphism under tuple restructuring.

Proof. We need to show that there is a bijection between the document tuples in the results of the left-side
and right-side expressions.

Let's denote the left-side expression as L.y and the right-side expression as L ;g
For Ly, we have:

e Innerjoin Lyy = Joing,_¢,(L1, L) with tuples (d1, d2) such that val(dy, f1) = val(ds, f2)

o Then Ljsr = Joiny,— ¢, (L12, L3) with tuples ((d1,d2), d3) such that val(ds, f2) = val(ds, f3)
For L ;ght, we have:

e Innerjoin Log = Joiny,—f, (L2, L3) with tuples (dz, d3) such that val(ds, f2) = val(ds, f3)

e Then L,z = Joiny,_r, (L1, Lag) with tuples (d1, (dz, d3)) such that val(dy, f1) = val(ds, f2)
For each tuple ((d1,d2),ds) € doc'(Lieyt), we have:

e val(dy, f1) = val(da, f2) (from the first join)

e val(ds, f2) = val(ds, f3) (from the second join)
By transitivity of equality, val(dy, f1) = val(ds, f2) = val(ds, f3).

Similarly, for each tuple (d1, (d2,ds3)) € doc'(Lyign:), we have the same equalities. Therefore, there is a
bijection between the document tuples in L. z; and L4, that restructures the tuples from ((dy, d2), d3)
to (d1, (da,d3)), establishing the associativity of the inner join operation.

Theorem 4.3.3 (Distribution over Union). The inner join distributes over union:
Joing —¢,(Ly,Ly U L3) = Joing,—¢,(Ly, Ly) U Joing —¢,(L1, L3) (56)
Proof. We'll prove this by expanding the left-hand side and showing it equals the right-hand side.
Let's start with the left-hand side:
Joing, ¢, (L1, Ly U L3) (57)
This expands to:
PL'({(d1,d’) | conditions}) (58)
Where the conditions are:
e d; € doc' (L)
e d € doc'(LyU L3)
e val(dy, f1) = val(d', f2)
Since doc’(Ly U L3) = doc'(L2) U doc(Ls3), we can rewrite this as:
PL'({(d1,d') | d1 € doc'(L1),d" € doc'(Ls) Udoc'(L3),val(ds, f1) = val(d', f2)})  (59)

This can be split into a union of two sets:



L'(AU B) (60)
Where:
e A={(d1,d2) | dy € doc'(L1),dy € doc'(Ls),val(dy, f1) = val(da, f2)}
e B={(d1,ds3) | dy € doc'(L1),ds € doc'(L3),val(dy, f1) = val(ds, f2)}
By the definition of Join:
 A=Joing_y,(L1,Ls)
e B=Joiny,_y, (L1, Ls)
Therefore:
Joing,—¢,(Ly, Ly U L3) = Joing,—¢,(L1, Ly) U Joing —¢,(L1, L3) (61)

Which proves the distribution of inner join over union.

4.4 Computational Analysis of Join Operations

We now analyze the computational complexity of join operations in our framework.

Theorem 4.4.1 (Join Size Bounds). For posting lists L1, Ly € L' with join fields f1, fo € F, the size of the
inner join result is bounded by:

\Joing,—¢,(L1, La)| < |L1| - |Lo| (62)

Proof. In the worst case, every document in L joins with every document in Lo, leading to a result size of
|L1| - | L2|. This occurs when all documents in both posting lists have the same value for their respective
join fields.

Theorem 4.4.2 (Expected Join Size). Under the assumption of uniformly distributed join field values, the
expected size of an inner join is:

| L1] - | Lo
|dom(f1)]

where dom( f1) is the domain of field f; and we assume dom( f1) = dom( f2).

E[|J0inf1:f2(L17L2)H = (63)

Proof. Let V' = dom(f1) = dom( f3) be the domain of the join fields. Under a uniform distribution, each
|Ls|
v

|1\

The expected number of documents in L with join field value vis | L4 -

value v € V appears in L; with probability p; = and in L with probability p, =

‘V| and similarly for Ly it is
|Ls| - 7‘ When joining on value v, we get a Cartesian product of these documents, yielding

LML
(| L] - %) (|Lo| - |V‘) |\“/||22| result tuples.

Summing over all possible join values:

|L1| < |La|  |La|-|L2|  |L1|-|Lo

E[|Joing ¢, (L1, Ly)|] = |V - e V| ~ |dom(fy)]

(64)

Theorem 4.4.3 (Join Complexity Lower Bound). Any algorithm that computes Join¢,—¢,(L1, L) has a
worst-case time complexity of Q(|L1| 4 |La| 4 [Joing—¢, (L1, L2)|).



Proof. Any algorithm that computes the join must at minimum:

1. Read all documents in L1, which takes (| L1]|) time
2. Read all documents in Ly, which takes (| L2 |) time

3. Output all tuples in the result, which takes Q(|Joinf,—, (L1, L2)|) time

Therefore, the total time complexity is at least Q(|L;| + | La| + [Joing, ¢, (L1, Lo)|).

5. Aggregations and Hierarchical Data

5.1 Extending the Type System for Aggregations

We now extend the framework to handle aggregation operations that produce results beyond document
lists.

Definition 5.1.1 (Extended Type Hierarchy). We extend the type hierarchy:

e A:The set of all scalar aggregate values (including numerical values, tuples, and complex aggregate
structures)

Definition 5.1.2 (Aggregation Function). An aggregation function agg maps a collection of values to a single
aggregate value:

agg: P(X) =Y (65)
where P(X) is the power set of domain X, and Y is the range of the aggregation.
Common examples include Count, Sum, Avg, Min, and Max.

Definition 5.1.3 (Generalized Aggregation Operator). For a posting list L € L, field f € F, and aggregation
function agg, we define:

Aggregate; .. : L — A (66)
where:
Aggregate; .. (L) = agg({val(d, f) | d € doc(L)}) (67)

Definition 5.1.4 (Aggregation Monoid). For an aggregation function agg, we define a monoid
(Megg, ®agg) €agg) Where:

* M,y is the set of aggregate values in the range of agg
* Dy is a binary operation that combines two aggregate values

® €qgq is the identity element for the operation @g4g

Theorem 5.1.5 (Decomposition of Aggregations). For an aggregation function agg with a corresponding
monoid (Mggg, Pagg, €agq). and disjoint posting lists Ly and L:

Aggregate; . (L1 U L2) = Aggregate; . (L1) @a4 Aggregate; . (L2) (68)

Proof. For disjoint posting lists L1 and L, the set of documents doc(Ly U Ly) = doc(L1) U doc(Lsy) with
doc(L1) Ndoc(Ly) = 0. Therefore:

Aggregate; . (L1 U L) = agg({val(d, f) | d € doc(L1 U L)}) (69)



= agg({val(d, f) | d € doc(L1) U doc(L5)}) (70)

= agg({val(d, f) | d € doc(L1)} U{val(d, f) | d € doc(L2)}) (71)

For monoid-based aggregations, we can decompose this into:
= agg({val(d, f) | d € doc(L1)}) @agy agg({val(d, f) | d € doc(L)}) (72)
= Aggregate; ., (L1) ©agg Aggregate; .. (L) (73)

5.2 Formal Model for Hierarchical Data

We now extend the framework to handle hierarchical data structures like JSON and XML.
Definition 5.2.1 (Hierarchical Document). A hierarchical document h € H is recursively defined as:

e Anatomic value v € Vyiomic (primitive types like strings, numbers, etc.)
* A collection (array) of hierarchical documents [hq, ha, ..., h,| where each h; € H

e A mapping (object) of field names to hierarchical documents {f1 : h1, fo : ha, ..., fn : hp} where
each f; € Fandeachh; € H

Definition 5.2.2 (Path Expression). A path expression p is a sequence of field names or array indices that
identifies a location within a hierarchical document:

b= [p17p27'°-7pn] (74)
where each p; is either a field name f € F or an array index ¢ € N.

Definition 5.2.3 (Path Evaluation). The evaluation of a path expression p on a hierarchical document h,
denoted eval(h, p), is defined recursively:

e eval(h,[]) = h (empty path returns the document itself)

e eval(h,[f|p']) = eval(h. f,p") if his a mapping and fis afield in h
o eval(h, [i|p']) = eval(h[i],p’) if his an array and ¢ is a valid index
e eval(h,p) = undefined otherwise

Definition 5.2.4 (Hierarchical Posting List). A hierarchical posting list H € L is defined as an ordered
sequence:

H = [(idb hl)a (id27 h2)7 AR (idm hn)] (75)

where each id; € N is a document identifier and each h; € H is a hierarchical document.

5.3 Operations on Hierarchical Data

We now define operations specific to hierarchical data structures.

Definition 5.3.1 (Path Filter Operator). For a hierarchical posting list H € L, path expression p, and
predicate function pred, we define:

PathFilterp,pred Ly — Ly (76)

where:



PathFilter, ,..q(H) = {(id, h) € H | pred(eval(h,p)) = true} (77)

Definition 5.3.2 (Path Projection Operator). For a hierarchical posting list H € L and a set of path
expressions P = {p1,p2, .. .,Pn}, we define:

PathProjectp : Ly — Ly (78)
where:

PathProject p(H) = {(id,h’) | (id,h) € H,
h' = {pi : eval(h,p;) | pi € P, (79)
eval(h,p;) # undefined}}

Definition 5.3.3 (Path Aggregation Operator). For a hierarchical posting list H € L, path expression p,
and aggregation function agg, we define:

PathAggregate Lg— A (80)

p,agg
where:

PathAggregate H) = agg({eval(h,p) | (id, h) € H,eval(h,p) # undefined}) (81)

p,agg(

Definition 5.3.4 (Path Unnest Operator). For a hierarchical posting list H € Lz and path expression p that
refers to an array, we define:

PathUnnest, : Ly — Ly (82)
where:

PathUnnest,(H) = {(id, h’) | (id,h) € H, eval(h,p) = [v1,v2,..., V),

h' = replace(h, p,v;) for each v;} (83)
The replace(h, p, v) function creates a copy of document h with the value at path p replaced by v.
5.4 Algebraic Properties of Hierarchical Operations
We now establish the algebraic properties of operations on hierarchical data.
Theorem 5.4.1 (Filter Distributivity). The path filter operator distributes over union and intersection:
PathFilter, p.eq(H1 U Hy) = PathFilter, pyeq(H1) U PathFilter, preq(H2) (84)
PathFilter, p,eq(H1 N Hy) = PathFilter, py.q(H1) N PathFilter, preq(H2) (85)
Proof. The proof follows from the distributive properties of set operations and the definition of the path
filter operator. For the union case:
PathFilter, ,yq(H1 U Hs) = {(id,h) € H; U Hy | pred(eval(h,p)) = true} (86)
= {(id, h) € H; | pred(eval(h,p)) = true} U {(id, h) € Hy | pred(eval(h,p)) = true} (87)
= PathFilter) ,r.q(H1) U PathFilter), yreq(H2) (88)

The intersection case follows similarly.

Theorem 5.4.2 (Composition of Path Expressions). For path expressions p; and ps, and hierarchical
document h:



eval(h,p1||p2) = eval(eval(h,p1),p2) (89)
where p; ||p2 denotes the concatenation of path expressions.

Proof. By the recursive definition of path evaluation, evaluating the concatenated path p1||p2 on document
h is equivalent to first evaluating p; on h to get an intermediate result, and then evaluating p, on that
result.

Theorem 5.4.3 (Path Projection Idempotence). The path projection operator is idempotent:
PathProject p(PathProject ,(H)) = PathProject p(H) (90)

Proof. Let H' = PathProject p(H). Each document in H' already contains only the fields specified by the
paths in P. Applying the same projection again does not further reduce the fields, as all extraneous fields
have already been removed. Therefore, PathProject p(H') = H'.

5.5 Bridging Flat and Hierarchical Models

To maintain compatibility with the original framework, we show how traditional flat documents can be
embedded in the hierarchical model.

Definition 5.5.1 (Embedding Function). We define an embedding function embed : D — H that maps a flat
document to a hierarchical document:

embed(d) = {f:d. f| f € fields(d)} (91)
where fields(d) is the set of fields present in document d.

Theorem 5.5.2 (Embedding Preserves Semantics). The embedding function preserves the semantics of field
access:

val(d, f) = eval(embed(d), [f]) (92)

Proof. By the definition of embed, the field f in document d is mapped to the field f in the hierarchical
document embed(d). Therefore, accessing field f ind using val yields the same value as evaluating the
path [f] on embed(d).

Definition 5.5.3 (Unified Filter Operator). For a mixed posting list M containing both flat and hierarchical
documents, field/path p, and predicate pred, we define:

UnifiedFiltery preq : Lar — Lm (93)
where:

UnifiedFiltery yreq(M) = {(id, doc) € M | (doc € D A pred(val(doc, p)))

V (doc € H A pred(eval(doc,p)))} (94)

Theorem 5.5.4 (Unified Framework Subsumes Original). Any query expressible in the original framework
can be expressed in the unified framework.

Proof. Given a query q in the original framework, we can construct an equivalent query ¢’ in the unified
framework by replacing each operator in g with its unified counterpart. The equivalence follows from the
embedding theorems established earlier, which ensure that the unified operators preserve the semantics of
the original operators when applied to embedded flat documents.



6. Query Transformation and Optimization

6.1 Equivalence Relations and Rewrite Rules

Definition 6.1.1 (Query Equivalence). Two queries g; and g2 are equivalent, denoted q; = g, if and only if
for all possible datasets D:

result(q1, D) = result(qz, D)

(95)

Theorem 6.1.2 (Equivalence-Preserving Transformations). The following transformations preserve query
equivalence:

1.

2
3.
4

Commutativity of Intersection: AN B=BNA

Vector Threshold Merging: Vp, (¢) N Vg, (q) = Vmax(ghgz)(q)

addition of frequency distributions

Proof.

1.

. Filter Pushdown: If field f is only relevant to operator A, then Filter,(A N B) = Filtery,(A) N B

. Facet Distribution: Facet (A U B) = Facet(A) ® Facet ¢(B) where @ denotes the element-wise

Commutativity of Intersection: By the commutativity property of set intersection and the isomorphism

between posting lists and document sets:

AN B = PL(doc(A) Ndoc(B)) = PL(doc(B) Ndoc(A)) = BN A

Filter Pushdown: If field f is only relevant to operator A, then:

Filter;,(ANB) =(ANB)NPL({deD|d. f=v})
=ANBNPL({deD|d f=1})
=ANPL{deD|d.f=v})NB

= Filters,(A) N B
Vector Threshold Merging:

Vo,(a) N Vo,(q) =PL({d € D | sim(vec(d),q) > 61})
NPL({d € D | sim(vec(d), q) > 65})

= PL({d € D | sim(vec(d),q) > 01 A sim(vec(d),q) > 6-})
= PL({d € D | sim(vec(d),q) > max(61,62)})
= Vinax(6,.6,)(9)
Facet Distribution: For disjoint posting lists A and B, the facet counts are additive:
Facets(AU B)(v) = |{d € doc(AU B) | d. f = v}
= |{d € doc(A) Udoc(B) | d. f = v}|
= |{d € doc(A) | d. f = v}| + |{d € doc(B) | d. f = v}|
= Facet ¢(A)(v) + Facet ¢(B)(v)

(96)



For overlapping posting lists, the union operation ensures each document is counted exactly once,
maintaining the correctness of the equivalence.

Theorem 6.1.3 (Join-Aware Transformations). For join operators, we have additional transformation rules:
1. Join Pushing: For posting list L and join operators Jj and Js under certain conditions:
J1(J2(L, L1), Ly) = Js3(L, J4(L1, L)) (109)
2. Join-Filter Commutativity: For a join operator J and filter operator F":
F(J(L1,L2)) = J(F'(L1), L2) (110)
where F" is a filter operator on the appropriate field of Lj.

Proof. The join pushing proof depends on the specific join fields and conditions, but follows from the
associative property of joins (Theorem 4.3.2).

For join-filter commutativity, let the join operator be J = Joiny,—¢, and the filter operator be
F = Filter, where fis afield in L;.

For a document tuple (dq,ds) € doc'(J(L1, L3)), we have dy € doc'(L1), dy € doc’(L2), and
val(dy, f1) = val(ds, f2).

For (d1,ds) € doc'(F(J(L1, L2))), we additionally have val((di, d2), f) = v. Since fis afield in L1, this
is equivalent to val(dy, f) = v.

Therefore, (dy, ds) € doc'(F(J(L1, Ls))) ifand only if d; € doc'(F'(L1)), d2 € doc’(Ls), and
val(dy, f1) = val(ds, f2), which means (dy,ds) € doc'(J(F'(L1), Ls)).

6.2 Cost Model and Estimation

Definition 6.2.1 (Operator Cost Function). For each operator op and dataset D, we define a cost function
Cost(op, D) that estimates the computational complexity of executing op on D:

e Cost(T(t), D) = O(df:) where df; is the document frequency of term ¢
Cost(Va(q), D) = O(d - log | D|) for HNSW-based vector search
Cost(Filter,(L), D) = O(|L]) for linear scan, or O(log|L|) for indexed access
Cost(AN B, D) = O(min(|A|, |B|)) for optimized intersection algorithms

Cost(Joing,—f,(L1,L2), D) = ay - |L1| + B - |La| + v - [result|
Theorem 6.2.2 (Composite Cost Model). For composite operations, the cost function satisfies:
Cost(op; o ops, D) = Cost(op1, D) + Cost(ops, result(opy, D)) (111)

Proof. The proof follows from the sequential execution model. When executing the composite operation
op1 © ops, we first execute op; on the dataset D, incurring a cost of Cost(op1, D). This produces an
intermediate result result(op1, D), which then serves as the input to ops, incurring an additional cost of
Cost(opy, result(op1, D)). The total cost is the sum of these two components.

Definition 6.2.3 (Cardinality Estimators). We define statistical estimators for result set cardinalities:



1. For text intersection: |T'(¢t1) N T (t2)| ~ w “Cy 1,

where ¢y, 4, is a correlation factor between terms ¢; and ?2.

2. For vector-text intersection: |Vy(q) N T (t)| =~ |Va(q)| - |:‘Fl()t|)| “Cqt

where ¢, ; is a semantic correlation factor between query vector g and term ¢.

Lo |Ls|
Qo7 " St

where cy, y, is a correlation factor between fields f; and fa.

3. For join cardinality: [Joing,—¢,(L1, Lo)| &~

Theorem 6.2.4 (Error Bounds for Cardinality Estimation). Under the assumption of term independence, the
relative error of the cardinality estimator is bounded by:

T(t1) N T(ta)| — ENT(81) 0T () | _ 1
E[|T(t:) NT(¢t2)]] ~ VE[T(t) N T ()]

(112)

with probability at least 1 — d for some confidence parameter 4.

Proof. Under the independence assumption, the number of documents containing both terms follows a
T(t)] | [T(ts)]

binomial distribution B(|D|, p) where p = 5 " b BY Chernoff bounds for binomial distributions,
we have:
2. BX]
P(|I X —EX]| >€e-E[X]) <2 3 (113)

2-E[X]
For a confidence level 1 — §, we require 2=~ 3 < §, which yields:

31n(2/9)
€< ”—E[X] (114)

L__ the condition is satisfied for sufficiently large expected intersection sizes, giving us the

EX]
stated error bound.

Taking € =

7. Lattice-Theoretic and Category-Theoretic Foundations

7.1 Query Space as a Lattice

Definition 7.1.1 (Query Space Partial Order). We define a partial order < on the space of queries Q:
q1 = q2 <= VD :result(q:, D) C result(qs, D) (115)
Definition 7.1.2 (Lattice Operations on Queries). We define the meet (/) and join (V) operations:

e Meet: g1 A g is the query whose result is result(q1, D) N result(ga, D) for any dataset D

e Join: gy V g9 is the query whose result is result(q1, D) U result(q2, D) for any dataset D

Theorem 7.1.3 (Query Space Lattice). The query space (Q, =) with operations A and V forms a complete
lattice.

Proof. For completeness, we need to show that for any set of queries {g; };cr, both the supremum \/,_; ¢;
and infimum A\, g; existin Q.

1. For the supremum \/ieI qi, we define a query whose result for any dataset D is UieI result(q;, D).
This query can be constructed as the union of all g;.



2. For the infimum A\, g;, we define a query whose result for any dataset D is ), result(g;, D). This
query can be constructed as the intersection of all g;.

Both of these queries exist in @ due to the closure properties of the Boolean algebra of posting lists,
proving that (Q, <) is a complete lattice.

Theorem 7.1.4 (Extended Query Space Lattice). The extended query space Q' incorporating joins,
aggregations, and hierarchical operations also forms a complete lattice.

Proof. Similar to the proof of Theorem 7.1.3, we need to show that for any set of queries {q; }icr in @', both
the supremum and infimum exist. This follows from the closure properties of the extended algebraic
structure, which preserves the lattice properties while expanding the expressiveness to include joins,
aggregations, and hierarchical operations.

7.2 Category-Theoretic Foundations

Definition 7.2.1 (Query Category). We define a category C where:
e Objects are posting lists L € L
e Morphisms are query operatorsop : L1 — Lo
e Composition is operator composition

e |dentity morphisms are identity operators Iy, : L — L
Definition 7.2.2 (Result Category). We extend to a category R where:

e Objectsare queryresults Re LU Ly U A
e Morphisms are query operators op : R — Ry
e Composition is operator composition

¢ Identity morphisms are identity operators Iz : R — R
Definition 7.2.3 (Monad Structures). We define several monads on the result category:

1. Query Monad (T, n, p):
o T:R — Rmaps R— {R' € L | R can be derived from R through query operations}
o ngr: R — T(R) is the unit natural transformation
o ug:T(T(R)) — T(R) isthe multiplication natural transformation
2. Join Monad (T'join s Njoin, Ljoin )
© Tjoin : R — R maps R+ {R' € L | R' can be derived from R through join operations}
3. Aggregation Monad (T,

99> Tlaggs Hagg)
0 Thgg: R — Rmaps R— {R' € A| R’ can be derived from R through aggregation}

Theorem 7.2.4 (Functor Relationships). We establish functorial relationships between different result types:

1. Forgetful Functor U : Ly — L maps hierarchical posting lists to flat posting lists.
2. Free Functor F': L — L g embeds flat posting lists into hierarchical ones.

3. These functors form an adjunction F' - U.



Proof. The adjunction follows from the properties of the embedding and forgetful functors. For any
morphism f : F(L) — H in Lg, there is a corresponding morphism g : L — U(H) in L defined by
g = U o f o F.Similarly, for any morphism g : L — U(H) in L, there is a corresponding morphism
f:F(L)— Hin Ly definedby f = FogoU.

8. Computational Analysis and Theoretical Limitations

8.1 Complexity Analysis
Theorem 8.1.1 (Aggregation Complexity). The time complexity of the basic aggregation operator
Aggregate; . (L) is:

O(IL| - Cugy) (116)
where Cgqq is the cost of applying the aggregation function to a single element.

Proof. The aggregation operator must process each document in the posting list L once, extracting the value
of field f and incorporating it into the aggregation. Since there are |L| documents and each aggregation
step takes Cogg time, the total time complexity is O(|L| - Cqgyq).

Theorem 8.1.2 (Path Evaluation Complexity). The time complexity of evaluating a path expression p on a
hierarchical document h is:

O(’p‘ : Caccess) (117)

where |p| is the length of the path and Clccess is the cost of accessing a field or array element.

Proof. Evaluating a path expression requires traversing the document hierarchy according to the path
components. For each component, we perform one access operation, which takes Cluccess time. With |p|
components, the total time complexity is O(|p| - Caccess ).

Theorem 8.1.3 (Vector Join Complexity). Computing VectorJoiny,,, (L1, L2) has a worst-case time
complexity of Q(|L1| - |L2| - d), where d is the dimensionality of the vector space.

Proof. In the worst case, we must compare every document in I; with every documentin L4. Each
comparison involves computing a similarity measure between two d-dimensional vectors, which takes O(d)
time. Therefore, the total time complexity is (| L1| - |Ls| - d).

8.2 Theoretical Limitations

Theorem 8.2.1 (Vector NOT Selectivity). For the vector NOT operation Vector Not, g in d-dimensional
space, the expected selectivity is:

(118)

Sa(0
|VectorNot, 4| = |D| - (1 — a ))

Sa(1)
where S4(6) is the surface area of a hypersphere cap with similarity threshold 6 in d-dimensional space.

Proof. The probability that a random vector has similarity at least 8 with query vector q is proportional to the
ratio of the surface area of the hypersphere cap defined by @ to the total surface area of the unit
hypersphere:



Sa(0)

P(sim(v,q) > 0) = 119
(sim(v,q) 2 0) = &3 (119)
Therefore, the probability of a vector NOT match is:
Sa(6)

P(sim(v,q) < 0) =1— 120
(sim(v,q) <) =1 - &5 (120)

The expected number of matches in a dataset of size | D| is:

Sa(6
|VectorNot, 9| = |D| - P(sim(v,q) < 8) =|D| - (1 — Sd21;> (121)
d

Theorem 8.2.2 (Lower Bound for Hybrid Search). Any algorithm that guarantees exact results for the hybrid
query Hybrid; .o = T(t) N Vy(q) has a worst-case time complexity of Q(min(|7T'(¢)[, |D|)).

Proof. Consider a dataset where the term t occurs in a large fraction of documents, but the vector
representations of these documents are uniformly distributed in the vector space. In the worst case, we
must examine either all documents containing term ¢ or all documents in the collection to guarantee finding
all documents with similarity to q above 6.

Specifically, if we start with the term index, we must examine all |T'(t)| documents to check their vector
similarity with q. If we start with vector search, we might need to examine up to | D| documents in the worst
case to find all that contain term t. Therefore, the lower bound is (min(|T'(¢)|, |D|)).

Theorem 8.2.3 (Information-Theoretic Join Bound). The minimum amount of information that must be
communicated to compute Joiny,—¢, (L1, Lg) in a distributed setting is at least:

H(f1) - L1 + H(f2) - |L2| (122)
bits, where H(f) is the entropy of field f.

Proof. By Shannon's source coding theorem, the minimum number of bits needed to encode the values of
field f; across |Ly| documentsis H(f1) - |L1|. Similarly, for field f5 across |Ly| documents, it is

H(f2) - |L2|. In a distributed setting, at least one party must know both sets of field values to compute the
join. Therefore, the minimum communication complexity is at least H(f1) - |L1| + H(f2) - |L2| bits.

9. Conclusion and Future Directions

In this paper, we have presented a comprehensive unified mathematical framework for query algebras
across heterogeneous data paradigms. Our contributions include:

1. Aformal type-theoretic foundation establishing posting lists as a universal abstraction for result sets
across all paradigms

2. A complete Boolean algebra of posting list operations with proven algebraic properties

3. Aformal operator calculus that enables seamless integration of relational, textual, and vector
operations

4. An extension to incorporate join operations with rigorous analysis of their properties
5. Afurther extension to handle aggregations and hierarchical data structures

6. Lattice-theoretic and category-theoretic foundations that provide deep mathematical insights



7. Formal analysis of complexity bounds and theoretical limitations

This unified framework provides a solid theoretical foundation for next-generation data systems that must
seamlessly operate across previously isolated paradigms. By establishing rigorous mathematical properties,
we enable principled query optimization and reasoning about complex operations.

Future research directions include:

1. Developing specialized algorithms optimized for cross-paradigm operations

2. Extending the framework to incorporate graph query capabilities

3. Incorporating probabilistic and fuzzy query semantics

4. Integrating temporal aspects for streaming data and complex event processing
5

. Exploring the integration of machine learning within the query framework

Through these continuing efforts, we aim to advance the theoretical foundations of heterogeneous data
processing, enabling more powerful and efficient data systems that can seamlessly bridge the gaps between
different data paradigms.
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